Cells adhered to an external solid substrate are observed to exhibit rich dynamics of 1 actin structures on the basal membrane, which are distinct from those observed on the dorsal (free) 2 membrane. Here we explore the dynamics of curved membrane proteins, or protein complexes, that 3 recruit actin polymerization when the membrane is confined by the solid substrate. Such curved 4 proteins can induce the spontaneous formation of membrane protrusions on the dorsal side of cells. 5 However, on the basal side of the cells, such protrusions can only extend as far as the solid substrate 6 and this constraint can convert such protrusions into propagating wave-like structures. We also 7 demonstrate that adhesion molecules can stabilize localized protrusions, that resemble some features 8 of podosomes. This coupling of curvature and actin forces may underlie the differences in the 9 observed actin-membrane dynamics between the basal and dorsal sides of adhered cells.
(e) (f) Figure 1 . (a-d) Numerical integration of equations (10,11) over a period of 3 minutes, over a membrane segment of size 10 × 10µm 2 . The parameter values used: D = 0.1µm 2 /s,H = −10µm −1 ,n 0 = 50µm −2 , n s = 300µm −2 , A =3.8·10 −5 kgµm 5 sec −2 , κ = 20k B T, σ =8.28·10 −5 kgµm 4 sec −2 , µ =1.66·10 6 secµm −2 kg −1 , h wall = 0.5µm. (a) Initial growth of the protrusion, prior to contact with the substrate. Note that throughout the paper the plots of the "activator density" is with respect to the background, uniform density n-n 0 . (b) The protrusion after it comes into contact with the substrate and the membrane at the tip becomes flat. As a consequence an activator ring are formed at the edge of the membrane protrusion, where there is large positive curvature. (c) The membrane at the disk center has retracted back towards the unperturbed position at h = 0, and a secondary inner ring of activators begins to form. (d) The membrane ring and two activator rings expand further. (e) An illustration of the mechanism that drives the expansion of the protrusion radially outwards. When the membrane reaches the flat substrate its curvature diminishes and the activators are then aggregated at the location of the highest curvature -the shoulders. However, since once the activators aggregate they push the membrane against the substrate which results in the flattening of the shoulders and the formation of new shoulders further away from the protrusion center. (f) A diagram of the structure of the expanding ring. Marked in green are the regions high in curvature in the radial direction which is similar in magnitude for both the inner and the outer rings. Marked in red is the outer radius curvature in the azimuthal direction which is positive and marked in blue is the inner radius azimuthal curvature which is negative. Also shown is the concentration of activators which aggregate into two rings at the outer and inner radii of the membrane ring. The concentration of the outer activators ring is higher than the concentration at the inner ring due to the different azimuthal curvatures.
The membrane's initial shape is an expanding cylinder and the activators form a ring at the
The radius of the outer membrane disk (and later ring) as a function of time (all panels correspond to the simulation shown in Fig.1 ). (b) A log plot of the expansion speed of the outer radius vs the radius. We see that the graph is curved at small radii (where the ring is actually a disk) but as the radius grows (and the ring forms) the graph approaches a straight line indicating the power law relation: V ring ∼ 1/R. (c) The peak values of the differential concentration n-n 0 at the inner (red) and outer (blue) rings as a function of the local membrane curvature. We see the the concentrations are linear in the curvature, as given by Eq.3. (d) The ring outwards velocity as a function of the difference in concentrations between the inner and outer activators ring.
We can quantify these observations by the following calculation: If we hold the membrane shape constant, we can solve the steady state concentration profile of the curved activators that corresponds to that shape. By takingṅ = 0 in Eq.11 and integrating once we get
we then divide by n and integrate again and we are left with
For large concentrations we can neglect the first term on the left hand side and get
We therefore find that when the dynamics of the activators is faster than the expansion rate of the 119 membrane deformation, so that the activators' concentration is in a quasi steady state, we get that 120 the activators amplitude is approximately proportional to the local membrane curvature. In Fig.2c 121 we plot the concentration of the inner and outer rings vs. the mean curvature at these locations. The 122 plot shows the concentrations are a linear function of the mean curvature which confirms that for the 123 parameters used in the calculation, the dynamics of the activators is indeed faster than the membrane 124 dynamics, and the result of Eq.3 is valid.
125
Since in our model the concentration of actin activators is strongly affected by the local membrane 126 curvature, the dynamics of the ring is sensitive to the topography of the substrate. We illustrate this 127 by simulating the dynamics on a substrate that is roughened with random bumps with an average 128 amplitude of a few tens of nanometers ( Fig.3a ). Using the same set of equations and the same initial 129 conditions as shown in Fig.1a-d , we now get the result shown in Fig.3b ,c. The overall qualitative 130 behavior is similar to the case with a smooth surface, that is, the formation of an expanding ringlike We now study the conditions that may stabilize localized structures driven by the same curved them is decreased and they can coalesce into a single elongated protrusion (arrows in Fig.5b ,c,d point 170 to such a process).
Note that in these localized protrusions the actin forms small rings within each protrusion, due to 172 the same process we found in the expanding ring ( Fig.1) , on a smaller scale. These protrusions, which 173 may seem stable, are highly sensitive to small perturbations, since they are stabilized only by their 174 mutual repulsion due to the local membrane-driven barrier. Over long times we expect noise to cause 175 them to shift and coalesce. Non-linear terms drive coalescence over such barriers, over long time [26] . 
Adhesion-stabilized localized protrusion: the podosome
In order to stabilize an isolated protrusion on the basal side, using the curvature-actin mechanism that we propose, we need to stabilize the localized actin core and prevent the tendency of the protrusion 179 to expand outwards as a ring (Fig.1 ). An example of a localized adhesion structure on the basal size been observed in carcinoma cells [29, 30, 31, 32, 33] . They are relatively dynamic, formed and destroyed 187 in the span of a few minutes and are formed only on the interface between the cell and a substrate.
188
The podosome's actin core is surrounded by an adhesion ring, which we did not include so far 189 in the theoretical model, and we therefore suggest that this component may stabilize the core and 190 prevent its ring-like expansion. We propose that the adhesion molecules form a diffusion-barrier that 191 greatly inhibits the diffusion of the membrane-bound actin nucleators (Eq.14), and thereby stabilizes 192 the localized core. We incorporate the adhesion into the model with the same approach that we shearing force that facilitates integrin adhesion [36, 37, 38] (Fig. 6a ).
207
We combine the two properties that affect the adhesion listed above, in a very simplified way, in 208 the following equations for the binding/unbinding rates of the adhesion proteins (used in the first 209 order kinetics Eqs.15)
where f (h) has the profile shown in Fig.6b so that binding is only permitted close to the substrate. The 211 last term in Eq.4 describes in the simplest way the fact that the adhesion is dependent on the spatial 212 gradients in the actin force that is applied on the membrane. In addition, we note that the adhesion As before (Fig.1) , we investigate the system's behavior due to a small gaussian perturbation in 215 the membrane height (Fig. 7) . Numerical integration of Eqs.15 shows that the perturbation grows into in membrane curvature (Fig. 7) . When we choose a shorter binding protein, we get a core of smaller The parameter values used were the same as used previously, with the following changes: A = 1.9 · 10 −5 kg·µm 5 ·sec −2 , D g = 0.1µ 2 /sec, k g on,0 = 0.05µm 5 /sec,k g o f f ,0 = 1µm 2 /sec,l 0 = 0.04µm and g 0 = 50µm −2 (the initial uniform concentration of the free adhesion proteins). The perturbation develops into a protrusion and when it reaches the wall the activators at the core start expanding into a ring but this expansion is inhibited by the adhesion ring that forms around it. The actin core is then trapped by the adhesion ring and the structure stabilizes. follows the outer one appears. The inner ring is often weaker than the outer ring, as our model predicts.
Regarding localized structures at the basal membrane, our model predicts that these may be 284 stabilized by the formation of adhesion around the actin-core, as observed in podosomes. Furthermore, 285 if the membrane can be maintained in a curved shape at the tip of the protrusion (rather than flatten), 286 we predict that the curved activators will be less strongly dispersed (if at all), and the lifetime of the 287 localized protrusion extended. This prediction is in agreement with observations that podosomes 288 preferentially form along grooves where the membrane naturally has the curvature at the protrusion 289 tip [51, 52] . When the protrusion is able to penetrate into the substrate, as occurs in invadopodia [53], 290 the curvature at the protrusion tip is also maintained and this can stabilize the protrusion. The model has two variables, h( r, t), n( r, t), that describe the local height deformation of the 294 membrane from its uniform state, and the local density of the membrane-bound, and curved, activators 295 of actin polymerization, respectively. We will work in the limit of small membrane deformations, 296 which allow us to treat the elastic energy of the membrane due to tension and bending in the quadratic 297 limit [15, 16] . This is an approximation which may be justified due to the presence of the confining 298 boundary that naturally limited the amplitude of the membrane deformations. Non-linear effects 299 arise in our calculations only from the conservation of the activator field n. For simplicity we do not 300 consider the process of binding and unbinding of the actin activators from the membrane, which can 301 be added in the future [10] . 302 We start with the free energy of the membrane and actin activators [15, 16] 
where σ is the effective membrane tension, κ the bending modulus,H the spontaneous curvature of 304 the actin activators and n s their saturation density. In this treatment the two dimensional Laplacian 305 ∇ 2 h is the local mean membrane curvature, and we keep the entropic term only at the lowest order, 306 valid for low protein densities n n s . h wall Figure 8 . Illustration of the model. The substrate ("wall") acts as a spring with a force F wall (h − −h wall ) (right pink arrow) when the membrane height h exceeds the boundary location h wall . The cytoskeleton acts in the same way only in the opposite direction (left pink arrow) and and is typically softer, i.e. F cyt < F wall .
We model the external barrier (substrate) as a one sided harmonic potential (Fig.8 ) that affects the membrane if its height coordinate h exceeds the barrier height coordinate h wall . We also subject the membrane to a similar force (though smaller in magnitude) if its height is lower than the initial height (at h = 0) to account for the overall average rigidity of the cortical cytoskeleton. The wall and cytoskeleton interactions can be inserted as potentials to the free energy of the system, in the form
where F wall ,F cyt determine the stiffness of these potentials.
308
The equation of motion for the membrane height is given by [15, 54] 
where Γ(r − r ) is the Oseen tensor for the hydrodynamic interactions through the surrounding fluid. We replace this long-range interaction kernel with a local on, as is often used for membranes that are highly confined by the cytoskeleton (and here also by the substrate) [15, 16] . We therefore take: Γ(r − r ) = µδ(r − r ), where µ is the drag coefficient of the membrane. We can now use Eqs.6,9 to write the equation of motion for the membrane heighṫ
where we used the step function θ[h] to implement the truncated forces of the confining potentials 309 of Eqs.7 and 8. The fourth term on the r.h.s. denotes the force due to actin polymerization, which is proportional to the density of actin activators with proportionality factor A. We subtract the average 311 density of the actin cortex in this term to denote the fact that the cell membrane tends to be pushed 312 away from the substrate by a layer of extracellular molecules (called the glycocalix) [55, 56] . These 313 molecules act as molecular cushions and maintain weak (non-specific) cell-substrate adhesion, and 314 maintain osmotic pressure on the cell membrane.
315
The dynamics of the actin activators is given by [15, 16] 
where Λ is the mobility of the activators in the membrane, and D = Λk B T is their diffusion coefficient. 316 We note that the model presented here considers activators that are permanently bound to the 317 membrane and respond to the curvature by flowing in the membrane. Alternatively, the activators can 318 be considered to adsorb to the membrane from the cytoplasm in a curvature-dependent manner [10] .
319
Linear stability analysis of these equations of motion (Eqs.10,11) indicate that the system is unstable to small perturbations in either the membrane shape or activators density, for a range of parameters. For negligible membrane tension the most unstable wavelength is
We chose the parameters to have this wavelength of order 1 µm.
320
The numerical simulations were done using an explicit finite difference scheme centered in space 321 and forward in time, with periodic boundary conditions. The cartesian grid used in the simulations 322 was 0.025 × 0.025µm in size. 
where where l 0 is the length of the external part of the adhesion protein and h g is the minimal 326 membrane height required for adhesion to take place. We take this value to be h g h wall − 2l 0 to allow 327 for variations in the proteins length or membrane fluctuations.
328
In addition we assume that the mobility of the actin activators to decrease in regions that have high concentration of adhered adhesion proteins. The reasoning behind this is that the scaffold of plaque proteins surrounds the actin core and restricts the movement of actin filaments, and forms a "diffusion-barrier". If actin activators are attached to actin filaments then they too will be restricted. We therefore take the mobility to decrease with the local density of bound adhesion proteins, as follows Λ = Λ 0 − g b g max , for g b ≤ g max 0,
for g b > g max
Under these conditions we can write the following equations of motion, including the dynamics of the free an bound adhesion proteins (g f ,g b respectively)
Where D g is the diffusion coefficient of the free (un-adhered) adhesion proteins in the membrane, 
